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Contents of this talk

1 Introduce some notation;
2 Introduce definition of a crystal and crystal lattice;
3 Show how symmetry operations are described;
4 Describe crystallographic coordinate transformations;
5 Show some computer code dealing with crystal symmetry;

With this talk I intend to help the participants:
to become more familiar with crystallographic coordinate
transformations,
to be able to apply crystal symmetry operations;
to be able to write simple computer code that handles
crystallographic symmetry and atomic coordinates.
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Notation

x,y, z scalars, vector components,
integers, reals, ...

v, v⃗ vectors
(a · b) scalar product of a and b
(a × b) cross-product product of a and b
A,B,C linear operators A, B and C
Av application of a linear operator to a vector
AB; (AB)v def

= A(Bv) product of two linear operators
B = [a,b,c] basis B consisting of vectors a, b and c

[a]B = [ai]B =

a1

a2

a3


B

a column vector in basis B with
components a1,a2,a3

A = [aij]B =

a11 . . . a1n
...

. . .
...

am1 . . . amn


B

linear operator represented as
matrix in basis B

[a]O = [ai]O vector a in an orthonormal (Cartesian)
frame O

AT, [aij]
T , [vi]

T = [v1, . . . , vN] transpose matrices and vectors
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Notation examples

vector x can be expressed using components in the basis B = [ei ]:
x = [ei]

T
[xi]B =

∑N
i=1 xi ei = [a,b,c] [xi]B = x1a + x2b + x3c

(last 2 eqns. — in case of 3D space (N = 3))

Scalar product is especially simple in Cartesian frame:

(x · y) = [xi]
T
O [yi]O = [x1, x2, . . . , xN]O


y1

y2

...
yN


O

=

N∑
i=1

xiyi

need more work in a non-orthogonal frame B = [a,b,c]:

(x · y) = ([a,b,c] [xi]B · [a,b,c] [yi]B)

= ([a,b,c]O [xi]B)
T [a,b,c]O [yi]B

= [xi]
T
B ([a,b,c]TO [a,b,c]O) [yi]B
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Definition of a crystal

  

a

b

x

y
z

c

Any translation expressed by:

Tp,q,r = p a + q b + r c, p,q, r ∈ Z

maps the crystal to itself.
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The crystal translation group

a

b

x

y

All translations Tp,q,r form a commutative group T:

• ∀p,q, r, k, l,m ∈ Z : Tp,q,r + Tk,l,m = Tp+k,q+l,r+m ∈ T;

• ∃0 = T0,0,0 ∈ T : ∀Tp,q,r ∈ T : Tp,q,r + 0 = Tp,q,r;

• ∃−Tp,q,r = T−p,−q,−r : Tp,q,r + (−Tp,q,r) = 0;
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The lattice and the unit cell

COD entry 9014492:

(Kwei et al. 1993)
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The lattice and the unit cell

COD entry 9014492:

(Kwei et al. 1993)
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Point symmetry

80°

O x

y

x′

y′

z′


O

=

cosϕ − sinϕ 0
sinϕ cosϕ 0
0 0 1

x
y
z


O[

x′
i
]
= Rϕ [xi]
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Point group

90°

O

72°

Ox

y

x

y

Saulius Gražulis Symmetry Computations Grenoble, 2023 9 / 32



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Point group

90°

O x

y

x′

y′

z′

 =

0 −1 0
1 0 0
0 0 1

x
y
z


x′′

y′′

z′′

 =

−1 0 0
0 −1 0
0 0 1

x
y
z


x′′′

y′′′

z′′′

 =

 0 1 0
−1 0 0
0 0 1

x
y
z


x(4)

y(4)

z(4)

 =

1 0 0
0 1 0
0 0 1

x
y
z


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Description of symmetry operations

Coordinates of a general
position:

−x,−y, z +
1

2

(“Jones’s faithful notation”)

180°

O

Rotation matrix + translation:

x′ = R x + T

x′

y′

z′

 =

r11 r12 r13
r21 r22 r23
r31 r32 r33

x
y
z

+
tx

ty
tz


x′

y′

z′

 =

−1 0 0
0 −1 0
0 0 1

x
y
z

+
 0

0
0.5


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Isometries

Definition
Isometry is a mapping of Euclidean space to itself that does not
change distance between mapped ponts.

Theorem
An isometry is a linear mapping (operator). Its matrix
prepresentation in a Cartesian frame of reference is an orthogonal
matrix.
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Isometries

Theorem
An isometry is a linear mapping (operator). Its matrix
prepresentation in a Cartesian frame of reference is an orthogonal
matrix.

Proof.
“Does not change distance” ≡ “Preserves scalar product”;
i.e.:

(x · y) = (Rx · Ry) = (RO [x]O)T · RO [y]O = [x]ORT
ORO[y]O

since the equality must hold for any x and y,

⇒ RT
ORO = I

Saulius Gražulis Symmetry Computations Grenoble, 2023 11 / 32



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Orthogonal matrices

Properties of orthogonal matrices
Orthogonal matrices have columns (and rows) orhonormal:

[rij]O = [r1, . . . , rN]O =

r11 . . . r1N
... . . . ...

rN1 . . . rNN


O

such that

(ri · rj) = δij ∀ i, j = 1 . . .N

Saulius Gražulis Symmetry Computations Grenoble, 2023 12 / 32



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Proper and improper rotations

Determinant of an orthogonal matrix

RTR = I ⇒
det (RTR) = det I

at the same time,

det (RTR) = det RT · det R =
det R · det R = (det R)2 = 1

therefore,

det R = 1 ∨ det R = −1

1 det R = 1 – (proper) rotations;
2 det R = −1 – improper rotations (reflections);
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Rotation matrices in different frames

120°

a

−a−b

b

Orthogonal basis:

R 120◦ =

cos 120◦ − sin 120◦ 0
sin 120◦ cos 120◦ 0

0 0 1


O

“Natural” basis
(fractional coords):

R 120◦ =

0 −1 0
1 −1 0
0 0 1


B

[Rϕ]B = S [Rϕ]O S−1
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Trace of a matrix

R =

0 −1 0
1 −1 0
0 0 1


⇒

Tr R ∈ Z

R =

cosϕ − sinϕ 0
sinϕ cosϕ 0
0 0 1


⇒

Tr R = 2 cosϕ+ 1 ∈ Z
ϕ ∈ {60◦, 90◦, 120◦, 180◦}
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Combinations of symmetry elements
Combination of symmetry Combination of symmetry 

elementselements
x'=RxT

x' '=R' RxT T '=

=R'RxR'TT '

R'R=[
−1 0 0
0 −1 0
0 0 1][

−1 0 0
0 1 0
0 0 −1]=[

1 0 0
0 −1 0
0 0 −1]

S=R+T⃗ ;S'=R'+T⃗ '

S'S=R'R+(R' T⃗+
⃗T ')

−x ,− y , z −x , y ,−z x ,− y ,−z
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Symmetry elements compatible with the latticeTranslations with point groups Translations with point groups 
= space groups= space groups

?

?
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230 space groups

The number of space groups is finite in any dimensions (17 in
2D, 230 in 3D)

Nomenclature:

Schönflies symbols: C5h, D 6, ...
ITC numbers: 1, 2, . . . , 230 :)
Hermann-Mauguin symbols: C 2, P 21 21 21, ...
Hall symbols: P 2xa, I -2c -2c, ...
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Factorising a space group

The crystal translation group is a normal subgroup of a
space group;
we can factorise the space group with respect to this
normal subgrup (i.e. declare al translated symmetry
operations to be equivalent);
the factorgroup is finite;
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Crystallographic coordinate frames
Fractional and Cartesian coordinates

CoordinatesCoordinates

Fractional Cartesian 
(orthonormal)

(as fractions of unit 
cell vectors)

In an orthonormal 
basis (coordinate 
system)

a

b

c

x f

y f

z f

x
x̂

y

z
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Coordinate transformations

  

Skaliarinė sandauga Skaliarinė sandauga 
neortogonaliose koordinatėseneortogonaliose koordinatėse

x

yz

a

b

c



[
x f
y f
z f ]=[

xa ya za
0 yb zb
0 0 zc

][
x
y
z ] [

x
y
z ]=[

a x bx cx
0 by c y
0 0 c z

] [
x f
y f
z f ]

Senosios bazės komponentės 
naujoje bazėje

x=E ' x ' E '=[
e1 x e2 x e3 x

e1 y e2 y e3 y

e1 z e2 z e3 z
]

x '=E x

E '=E−1 ; E⋅E '=I

 x1⋅x2= x1
T
x2=x1 x2 y1 y2z1 z2=

= x1 '⋅x2 ' =

=x1 '
T E 'T E ' x2 '
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Orthogonalisation convention

  

PDB failų matricos SCALEnPDB failų matricos SCALEn
The SCALEn (n = 1, 2, or 3) records present the 
transformation from the orthogonal coordinates as 
contained in the entry to fractional crystallographic 
coordinates.

If the orthogonal Angstroms coordinates are X, Y, Z, 
and the fractional cell coordinates are xfrac, yfrac, 
zfrac, then:

       xfrac = S11X + S12Y + S13Z + U1
       yfrac = S21X + S22Y + S23Z + U2
       zfrac = S31X + S32Y + S33Z + U3

http://www.wwpdb.org/documentation/format23/sect8.html 

[
x f
y f
z f

]=[
xa ya za
0 yb zb
0 0 zc

][
x
y
z ]+[

u1

u2

u3
]
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Conversion between frames
Perl

x′ = R x + T0

sub symop_ortho_from_fract
{

my @cell = @_;
my ($a, $b, $c) = @cell[0..2];
my ($alpha, $beta, $gamma) = map {$Pi * $_ / 180} @cell[3..5];
my ($ca, $cb, $cg) = map {cos} ($alpha, $beta, $gamma);
my $sg = sin($gamma);

return [
[ $a, $b*$cg, $c*$cb ],
[ 0, $b*$sg, $c*($ca-$cb*$cg)/$sg ],
[ 0, 0,

$c*sqrt($sg*$sg-$ca*$ca-$cb*$cb+2*$ca*$cb*$cg)/$sg ]
];

}
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Conversion between frames
Ada

x′ = R x + T0

function Matrix_Ortho_From_Fract ( Cell : Unit_Cell_Type ) return Matrix3x3
is

A : Long_Float := Cell(1);
B : Long_Float := Cell(2);
C : Long_Float := Cell(3);
Alpha : Long_Float := Cell(4) * Ada.Numerics.Pi / 180.0; -- in radians;
Beta : Long_Float := Cell(5) * Ada.Numerics.Pi / 180.0;
Gamma : Long_Float := Cell(6) * Ada.Numerics.Pi / 180.0;
CA : Long_Float := Cos(Alpha);
CB : Long_Float := Cos(Beta);
CG : Long_Float := Cos(Gamma);
SG : Long_Float := Sin(Gamma);

begin
return (

( A, B * CG, C * CB ),
( 0.0, B * SG, C * (CA - CB*CG) / SG ),
( 0.0, 0.0, C * Sqrt (SG*SG - CA*CA - CB*CB + 2.0*CA*CB*CG)/SG)

);
end;
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Distances & Metric tensor

  

Metrinis tenzoriusMetrinis tenzorius

G=E 'T E '

G=E ' T E '=[
e1 x e1 y e1 z

e2 x e2 y e2 z

e3 x e3 y e3 z
][
e1 x e2 x e3 x

e1 y e2 y e3 y

e1 z e2 z e3 z
]=[

 e1⋅e1  e1⋅e2  e1⋅e3
 e2⋅e1  e2⋅e2  e2⋅e3
 e3⋅e1  e3⋅e2  e3⋅e3

]
G=GT

G=[
a⋅a  a⋅b a⋅c 

b⋅a  b⋅b b⋅c 

c⋅a  c⋅b c⋅c ]
 x1⋅x2= x1

TG x2
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Volume of a unit cell

  

Elementarios gardelės tūrisElementarios gardelės tūris

V=a⋅[b×c ]=∣
a x a y a z
bx b y bz
c x c y c z

∣=∣det G∣

a

b

c




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Determinant of a metric tensor

  

Metrinio tenzoriaus Metrinio tenzoriaus 
determinantasdeterminantas

[b×c ]=∣
x y z
bx b y bz
c x c y c z

∣=x b y c z−bz c y y ...

V=a⋅[b×c ]=a x b y cz−bz c ya y ...=∣
a x a y a z
bx b y bz
c x c y c z

∣=
=det E 'T=det E '

det G=det E 'T E =det E 'T det E ' =det E ' 2

V=a⋅[b×c ]=det E ' =∣det G∣
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New cell invariant (V. Kurlin’s group)

(Widdowson and Kurlin 2023), IUCr26
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Continuous crystal similarity measure

(Widdowson and Kurlin 2023), IUCr26
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http://en.wikipedia.org/wiki/Topaz http://www.crystallography.net/2207377.html

A path to freedom: GNU → Linux → Ubuntu → MySQL → R → LATEX→ TikZ → Beamer
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